Using the genuine superlattice eigenvalues and eigenfunctions, and the eigenfunctions parity symmetries, discussed recently, new optical-transition selection rules are derived, and a nobel and basically different theoretical approach for explicit calculation of optical responses of light-emitting periodic structures is presented here. To show the scope of this approach, we review and revisit a number of photoluminescence and infrared measurements reported in the literature. The photoluminescence and infrared spectra of superlattices based on (Al,Ga)As and (In,Ga)N, with clear spectrum features, high resolution and different superlattice characteristics, comprising small (∼10) and large (∼400) number of unit-cells, wide and narrow barrier and valley widths, varying from 2.5nm to ∼40nm, have been recalculated. The plots obtained here for the optical response of the chosen systems, reproduce rather well the observed photoluminescence or infrared spectra. We show that the narrow peaks clustered in groups that were observed in blue-emitting superlattices, but couldn't be explained before, are faithfully reproduced and fully understood. We show that this replication of groups of peaks and the isolated peak observed in high resolution spectra, are interesting effects neatly determined by the recently unveiled tunable surface-energy-levels detachment. Among the various properties and differences discussed in the paper, we find significant that the observed optical transitions, forbidden before, are now allowed and accounted. Since the number of allowed matrix-elements, ∼ n 2 ncnv/2, can be extremely large when the number of unit cells, n, and the number of subbands in the conduction and valence bands, nc and nv, are large, we devote the last part of this paper to reduce this number and to show that, essentially, the same spectra is obtained when, besides the symmetry selection rules, other leading order selection rules, closely related to intra-subband symmetry, are introduced. These rules reduce the number of matrix-elements evaluations from ∼ n 2 ncnv/2 to ∼ nncnv/2, i.e., depending on the SL, from about 1000 to 100. We comment also on a third rule, that picks up the contributions of the surface and edge states, and show that it reduces further the number of transitions to Ns ≤ ncnv. With these rules, the main peaks are conserved and their number practically matches with that of the actual spectrum. Excellent agreements with experimental results are found.
I. INTRODUCTION
Despite the broad theoretical and empirical knowledge of the light-matter interactions 1 and the overwhelming variety of device applications, the actual quantum mechanical description of photoemission and photoabsorption processes involving periodic semiconductor structures, suffer from important limitations. The main problem in the theoretical calculations, using the golden rule
has been the lack of explicit knowledge of the initial and final states, |ψ i and |ψ f , and of the corresponding energies, E i and E f . In the standard approach to periodic systems, the energy levels become bands or subbands, and the initial and final superlattice (SL) states, written in terms of Bloch functions, 2 are generally unknown. However, in the alternative theory of finite periodic systems, the identifiable energy levels are recovered and the quantum states of semiconductor heterostructures, like quantum wells and superlattices, are explicitly known. 4 Our purpose here is to present an improved optical transitions theory for periodic systems, based on bona fide eigenfunctions and their parity symmetries recently unravelled.
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To understand better the scope and the need of an alternative approach to calculate the optical response, let as briefly outline, in this introduction, the essential features, limitations and advantages of the standard and the new approach for the calculation of the physical quantities relevant to the light emission processes.
Soon after the introduction of semiconductor superlattices, 7, 8 the miniband structures of direct and indirect band gap semiconductors were experimentally and theoretically confirmed, 9-25 and the optical properties of superlattices became overwhelmingly studied. [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] Concerning the theoretical approaches applied to study these systems, Leo Esaki noticed that whereas in reality the SLs contain a finite number of layers, with a finite number of atomic cells each, the standard theoretical approaches tacitly assume that the SLs are infinite-periodic structures with alternating layers containing also an infinite number of atomic cells. 36 In fact, the wave functions are generally written as ψ(r) = l u n l (r)f l (r), with u n l (r) the periodic part of the host-semiconductor Bloch's function at band n l , and f l (r) ∝ exp[ik ⊥ · r ⊥ ]χ l (z) the envelope wave function. For SLs this is, again, written in terms of Bloch-type functions χ µ (z) = exp(iqz)u µ (z), characterized by a subband index µ and a continuous wave number q that is then artificially discretized, via the cyclic boundary condition. But, as Bastard states in Ref.
[3], "...the Bloch functions are seldom known explicitly ...". Thus, no explicit calculation of matrix elements ψ f |H int |ψ i involving subbands is known. The explicit matrix elements are replaced by the so-called oscillator strengths f fi , statistical assumptions and sum rules. When the calculation of optical matrix-elements is pursued in the standard approaches, 20,31,37 the calculation ends up evaluating at the center of the Brillouin zone or at the subband edge, 37,38 q = 0. With continuous subaband structures obtained from Kronig-Penney theory, and the single-quantum-well eigenfunctions as envelope function with the ensuing selection rule ∆µ=µ-µ ′ =0, widely used to explain the optical transitions structure.
31, 48 Luo et al. 20 suggested also ∆µ = 0, ±1 for narrow gap materials. The limits of this approach became apparent when optical transitions, "forbidden" by these rules, were observed, 45, [49] [50] [51] [52] [53] and when important features of photoluminescence spectra, obtained in highresolution measurements, could not be explained. [54] [55] [56] It is worth noticing that, independent of the models' limitations to solve the Schrödinger equation for periodic potentials, the effective-mass [39] [40] [41] and the envelopefunction 5, 42, 43 approximations are important advances in the aim to work out the quantum problem of heterostructures and SLs.
3, 5, 20, 37, [44] [45] [46] [47] On the other side, the theory of finite periodic systems (TFPS) grew up along the last 50 years, in the spirit of the Landauer's scattering approach, 62 and the electromagnetic theory of periodic media. 63, 64 Transport properties of periodic semiconductor systems, modelled as Krönig-Penney like 65 square barriers and wells in the effective mass approximation, have been studied. 4, This approach evolved and the TFPS has been generalized to include periodic structures with arbitrary potential profiles, arbitrary number n of unit cells and arbitrary number N of propagating modes for open, bounded and quasi-bounded SLs. 4, 79, [81] [82] [83] [84] As was amply explained in these references, important physical quantities, like the eigenvalues, eigenfunctions and transmission coefficients, are straightforwardly obtained without recurring to Bloch's theorem, but using simple algebraic procedures and general transfer-matrix properties, i.e., with the same elementary mathematics that we use to solve quantum-mechanics textbook examples. 88 The theory, is based on the transfer matrix method, and the important combination property that makes possible to express the n-cells transfer matrix M n as M n , where M is the singlecell transfer matrix. This relation, M n = M n , has been rigorously transformed into the non-commutative recurrence relation
and solved. 79 The matrix polynomials p n of dimension N ×N become, in the one-propagating mode approximation, the Chebyshev polynomials of the second kind U n . Given these polynomials, the transfer-matrix blocks M n (i, j), for time reversal invariant systems, are: M n (1, 1) = α n = p n −α * p n−1 = M * n (2, 2) and M n (1, 2) = β n = βp n−1 = M * n (2, 1) =, with α and β the single cell transfer matrix elements. The matrix M n and the polynomials p n carry, like the scattering matrix, the whole information of the physical processes in the system, and depend explicitly on the system size, i.e. on n. Analytical expressions for important physical quantities, like the scattering amplitudes, t n and r n , the eigenfunctions φ µν (z) and the eigenvalues E µν , have been obtained.
It is worth to stress here that, whereas in the infinite-periodic approaches to SLs, 3, 12, 20, 37, 48, [58] [59] [60] [61] each subband (with an infinite number of energy levels, see figure 1) is described by a function χ µ (z) characterized by a single index µ, in the theory of finite periodic systems the subbands (for a system with an arbitrary number of unit cells n) are completely resolved and each subband µ is characterized by a finite set of explicitly determined eigenfunctions φ µν (z) and eigenvalues E µν , where the index ν labels the intra-subband levels with values ν=1, 2, ..., n+1.
4,79 Each eigenfunction φ µν (z), as shown in Ref. [6] , has a well defined parity determined by the subband index µ, the intra-subband index ν and the number of unit cells n. It is clear, because of this difference, that not only the transition matrix elements but also the selection rules will not coincide.
Since the TFPS is, clearly, the appropriate approach to study superlattices, and the theoretical descriptions of the optical response has been surpass by the experimental developments, we present here a detailed discussion and explicit calculations of optical responses using this approach. We will discuss the optical-response-calculation problem in general and we will also apply to specific systems.
Before we focus on the optical-response calculation problem, let us highlight some issues and results that will be faced in this approach. From experimental measurements and theoretical calculations, 13, 31, [54] [55] [56] [57] 85, 89 that the subband-separations and subband-widths in SLs are of the order of one tenth of the band offsets, with intrasubband level separations of the order of 1 meV. Real transitions occur between discrete states in the subbands. We will see that given a SL, one can perfectly distinguish energy eigenvalues that differ by 10 −10 eV or less. This will allows us to describe high accuracy photoluminescence (PL) spectra, with peak separations of the order of 1 meV or less, that were identified as longitudinal modes.
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An important problem that comes out when the subband structure is resolved, is the large number of matrix elements that one has, in principle, to evaluate. For a SL with n unit cells, n c subbands in the conduction band and n v subbands in the valence band, the number of energy levels (hence of eigenfunctions), for energies below the barrier-heights, is (n+1)(n c +n v ) and the number of optical transitions is N =(n+1) 2 n c n v . This means that for a SL of lenght L ≃ 1µ and unit-cells length l c ∼50nm, like in Ref. [31] , the number of possible transitions, for n c =3 and n v =4, is N ∼5,000. This is a large number. One of the purposes of this paper is to reduce substantially this number based on new selection rules based on important symmetries. We will show that using the eigenfunctions symmetries, derived in Ref. [6] , we will establish the symmetry selection rules that will reduce the number of matrix-elements evaluations to N/2. We will then discuss a couple of rules. The leading order selection rule determined by the subbands symmetry and the edge states rules, which reduce substantially the number of optical transitions into one of the order of n c n v ∼10, giving essentially the same photoluminescence (PL) and infrared (IR) results. We will apply these rules for a number of specific examples.
In the second section, we will outline the theoretical model for optical response of SLs and the eigenfunctions parity symmetry relations found in Ref. [6] . In the third section, after writing the selection rules based on the eigenfunction parity symmetries, we will consider three illustrative examples. We choose as the first examples two of the Nakamura's high precision PL spectra for the blue emitting GaN \(In x Ga 1−x N \In y Ga 1−y N ) n \Al 0.2 Ga 0.8 N SLs, for n=10 and for n=7. We will show that the observed resonant spectrum and group structure, that couldn't be explained before, will be fully explained. We will show in the second case the effect of the cladding-layers asymmetry. We will then consider the IR spectra of the (Al 0.3 Ga 0.7 As\GaAs) n SLs studied by Helm et al., where the number of unit cells n is of the order of 400. We will discuss the effect of n and show that equivalent results can be obtained when the number of unit cells is, say, of the order of 20. We conclude section III with a brief discussion on the characteristic resonance line-shapes, as well as the exciton binding energies effects on the PL spectra. As a specific example, we will consider one of the various results reported by Masselink et al. for (Al 0.3 Ga 0.7 As\GaAs) n SLs. In section IV, we discuss the leading order rules. We will conclude the paper with a brief discussion, in section, V on the surface and edge-states rules (SESR), implying a minimum of matrix-elements evaluations, of the order of n c n v , with essentially the same results as with N/2 matrix evaluations. In the appendix we will extend the Leavitt-Little model to include the exciton binding energy in the first excited state.
II. THE SLS OPTICAL RESPONSE IN THE TFPS
To study the optical transitions in a superlattice, in the presence of an electromagnetic (EM) field, we consider the Hamiltonian
where
describes an (electron-hole) pair in the finite periodic potentials V e (z e ) and V h (z h ), being V eh the Coulomb interaction potential. H EM describes the transverse EM field and H I the exciton-field interaction. In this approach, the main part of the quantum problem is centered in solving the electron and hole SL Schrödinger equations
Parameters of a quasi-bounded superlattice with arbitrary potential profile. The wave function in Eq. (13) is defined at any point z of the j +1 cell, with 0 ≤ j ≤ (n − 1).
and
The wave functions for the Hamiltonian H o can be written as (7) with φ j (ρ e , ρ h , z e −z h ) an eigenfunction of the quasi-twodimensional Schrödinger equation
where ∇ i is the in-plane component of the gradient with respect to the two-dimensional vector ρ i . A great deal of effort has been devoted in solving this equation, which provides the e-h pair binding energies.
3,52,60,91-97
Although some consensus on the order of magnitude of these energies exists, more specific and accurate calculations for excitons in SLs are still lacking. We will take into account the existing results and, in the appendix, we will recall and extend the Leavitt-Little model to determine, also, the exciton binding energy in the first excited state. We shall now recall some useful results and relations related to the superlattice Shrödinger equations. For a simple discussion we will focus here on type I superlattices. The SL might be open, bounded or quasi-bounded. Since most of the specific examples imply quasi-bounded SLs, we will restrict the detailed discussion to this kind of systems, but we will give also the selection rules in the other cases. General expressions for the evaluation of eigenvalues and eigenfunctions of the electron and hole SL Schrödinger equations (5) and (6), were given in Ref. [4] . It was shown that, provided the single cell transfer matrix
is known, one can straightforwardly determine the n-cell transfer matrix elements, through the simple relations where U n is the Chebyshev polynomial of the second kind and order n, evaluated at the real part of α=α R +iα I . The eigenvalues of any quasi-bound SL spanning from z L to z R in figure 2, with z 0 − z L = z R − z n = a/2, can be obtained from
Here q w and k are the wave numbers at the left (right) and right (left) of the discontinuity point z L (z R ), and the eigenfunctions are given by
with a o a normalization constant and z any point in the j+1 cell, i.e. any point between z j and z j+1 , with 0 ≤ j ≤ (n − 1). α j , β j ,... are the matrix elements of the transfer matrix M j (z j , z 0 ) that connects the state vectors Φ(z 0 ) and Φ(z j = z 0 +jl c ), at points separated by exactly j unit cells, and α p , β p ,...the matrix elements of the transfer matrix M p (z, z j ) that connects the state vectors Φ(z j ) and Φ(z), for z j ≤ z ≤ z j+1 . In the particular case of a quasi-bounded periodic potential like the one shown in figure 3 , the eigenvalues equation can be written as
with
The wave numbers in the various regions (wells, barriers and cladding layers) of the heterostructure, with the appropriate changes for electrons and holes in the conduction and valence bands, are:
The potential parameters a, b, V o and V w are shown in figure  3 . To simplify the notation we will write just Ψ q µ,ν (z) for Ψ qb µ,ν (z). It was shown in Ref. [85] that writing the exciton field as (18) while the intraband (conduction to conduction band) transition contribution, of the infrared transitions (IR), by
Therefore, the photoluminescence spectrum of a superlattice in the active zone of light emitting devices is obtained, in the golden rule approximation, from
with energies measured from the upper edge of the valence band. Here E B is the exciton binding energy, Γ the level broadening energy and f eh the occupation probability, which in terms of the quasi-equilibrium distributions f e and f h , becomes
where k B is the Boltzmann constant, T the temperature and µ eh the total chemical potential. At low temperatures f eh is just a step function. In the same way, the infrared emissions spectrum is described by
Since the wave functions Ψ r µ,ν (z) posses well defined parities, as was shown in Ref. [6] , the non vanishing contributions imply, for PL, the parity P [Ψ µ,ν ] combinations
and similar relations for IR emissions, with c instead of v. Using these parity combinations, we will write in the next section a set of selection rules that will be referred to as symmetry selection rules (SSR), to distinguish from other empirical selection rules that will be reported in section 4, named leading order rules (LOR) and surface and edge selection rules (SESR), related to the intrasubband eigenfunctions' symmetries, briefly discussed in the Appendix A.
III. SYMMETRY SELECTION RULES
It was shown in Ref. [6] that the eigenfunctions of quasi-bounded SLs fulfill the symmetry relations
This clearly leads to the following selection rules. When the number of unit cells n is even, the SSR are:
while for n odd the SSR are Similar relations are valid for IR transitions, with the additional restrictions µ ≥ µ ′ and, whenever µ = µ ′ , we must also have ν > ν ′ . The corresponding symmetry selection rules for open and bounded SLc are given in the appendix 1. These rules reduce effectively the number N of possible transitions by, at least, a factor 1/2, i. e. to N/2. This is still a large number. In the next section we will introduce other rules and symmetries that reduce even more the number of matrix-elements evaluations. Before we present other rules, let us obtain some PL and IR spectra for specific examples using the SSR. 
III.1. PL of blue emitting devices. Nakamura's results
As the first example we choose a SL with the highest PL spectra accuracy that we could find in the literature. Nakamura et al. reported PL measurements with resolutions of the order of 0.016nm, 98 for the blue emitting GaN \(In x Ga 1−x N \In y Ga 1−y N ) n \GaN SLs, with n varying between 3 and 20, for x=0.2 and y=0.05. In the upper panel of figure 4 , we reproduce the experimental PL spectrum, for n = 10. An important characteristic of this spectrum is the presence of narrow peaks, clustered in groups. In Nakamura's words "it was not clear which was the origin" of these narrow peaks.
98 Nakamura et al. suggested, that they could originate in the "subband transition between quantum energy levels caused by quantum confinement of electrons and holes". 98 Our calculations, in the lower panel of figure 4 , and the analysis below, show that this is precisely the origin. The spacing and number of narrow-peaks and groups, correspond with the spacings of the energy-levels and of the surface states in the subbands of the conduction and valence bands.
Before we discuss our results, let us briefly sketch the steps followed for the evaluation of the photoluminescence spectrum for a given SL: i) we fix input parameters like the well and barrier widths, gap energies, the spin split off and the effective masses; ii) using equations (12) and (13) and (14), we get the eigenvalues and the eigenfunctions; iii) we normalize the eigenfunctions and evaluate the transition matrix elements, allowed by the selection rules, and iv) we plug the transition matrix elements and eigenvalues in the optical response of Eq. (20) . In Table 1 we show the energy eigenvalues E 1,ν in the first subband, of the conduc- tion band and the eigenvalues E 2 ′ ,ν ′ for heavy holes in the second subband of the valence band, when the SL is (In x Ga 1−x N \In y Ga 1−y N ) n \In x Ga 1−x N with x=0.2, y=0.05 and n=10, bounded by GaN cladding layers. Notice that the eigenvalues E 1,10 , E 1,11 , E 2,10 and E 2,11 , darken in the Table are slightly detached. As was shown in Ref. [4] , these energy levels correspond to surface states. In figures 6 and 7 we plot the eigenfunctions φ 1,ν and φ 2 ′ ,ν ′ for ν, ν ′ =1, 4, 10 and 11. The last two are clearly surface states. The experimental 98 and theoretical PL spectra of this sample, with n=10, are shown in figure 4 . Similar results are shown in figure 8 for n=7. The theoretical calculations, plotted in the lower panels, should be compared with the experimental results in the upper panels.
To understand the structure of the optical response in figures 4 and 8, we need first to recall that in bounded and quasi bounded system, two of the n+1 eigen-energies 
Narrow peaks and subband groups in the PL spectra observed E µ,ν are surface states SS, which, as was shown in Ref. [4] and can be seen in Table 1 , detach from the remaining n − 1 grouped states with a detachment energy that depends on the height of the lateral potentials. To simplify the reference to these states let us denote the surface states in a subband µ as {sµ} and the grouped states as {gµ}. Similarly, in the valence band we have the sets {sµ ′ } and {gµ ′ }, see figure 9. For the SL with the PL spectra of figure 4, we have one subband in the conduction band and two subbands in the valence band. The surface states in the set s1, for the energy eigenvalues E 1,10 =0.119074eV and E 1,11 =0.119082eV, measured from the band edge, are detached 3.2meV from the the set g1, grouped in an energy interval of 13.9meV. The first subband of the valence band is extremely thin, the set g1
′ is located around -0.026eV, and the SS s1 ′ at -0.028eV. This subband is so thin that, it is easy to miss it. The set g2 ′ of the second subband contains energy levels E 2 ′ ,ν ′ between -0.092eV and -0.0954eV, and the set s2 ′ is located around -0.1001244eV. The transitions sketched in figure 9 are transitions to the second subband of the valence band. The transitions to the first subband are negligible. In figures 4 and 8 we have, basically, the following transitions: g1 → g2 ′ , responsible for the group of peaks to the right of the figure, with larger λs; the transitions s1 → g2 ′ , responsible for the group in the middle and the transitions s1 → s2 ′ responsible for the almost isolated peak at the left. The transitions g1 → s2 ′ are immersed in the group of peaks in the middle.
For this spectrum, all the matrix elements allowed by symmetry selection rules were considered. This means N/2 ≃ 120 matrix elements. The theoretical spectrum, based on the SL parameters shown in figure 4 , is slightly shifted to smaller wavelengths. A small difference like this can be fitted adjusting parameters like the energy gaps, but this is not the goal now. Our purpose is to stress the ability of the theoretical calculations to account for subtle features like the peaks separations and the group structure. It is worth noticing that, notwithstanding the lack of symmetry of the blue emitting SL devices, which have a GaN layer on one side and an Al ( 0.2)Ga 0.8 N layer on the other, the agreement is rather good, except for SLs with a small number of unit cells, where taking into account the asymmetry helps. In fact, if we consider the SL GaN \(In 0.2 Ga 0.8 N \In 0.05 Ga 0.95 N ) n \Al 0.2 Ga 0.8 N with n = 7, and compare with the symmetric one, we have, related with the eigenfunctions characteristics, that while the low lying eigenfunctions of the asymmetric and symmetric SLs (shown in the lower panel of figure 10 ) almost coincide, the high energy eigenfunctions (shown in the upper panel) differ. In general the asymmetry effect is larger on the surface states rather than in the low lying ones; the surface energy levels detach further and the particles get also localized. The PL spectrum of the asymmetric SL GaN \(In 0.2 Ga 0.8 N \In 0.05 Ga 0.95 N ) 7 \Al 0.2 Ga 0.8 N , is shown in figure 11 . The structure reflects the fact that one of the two, almost degenerate, surface states in {s1} is pushed up, about 15meV, while the other states remain practically in the same position. Because of this splitting in s 1 , instead of the transitions s1 → g2 ′ , we have now two groups: the transitions E 1,7 → g2 ′ and the transitions E 1,8 → g2 ′ , each with three peaks. At the same time the large peak, due to the s1 → s2 ′ transition, practically disappears, as can also be seen in the experimental spectrum.
It is worth noticing, however, that even though the range of predicted wavelengths for the PL peaks is of the order of the observed ones, using either the gap energy E g,GaN = 3.4 or E g,GaN = 3.2, with the appropriate bowing parameter in E g (x) = x1.95 + (1 − x)E g,GaN − Bx(1 − x), a better agreement is found when the energy gap of the cubic (zincblende) structure, E g,GaN = 3.2, is taken into account. 99 An important feature in the PL spectra, particularly in the low resolution measurements, is the relatively small 
FIG. 11. The PL spectrum when the asymmetry of the lateral-barriers hight is taken into account. As the surface states are split and pushed up further, the peaks due to transitions s1 → g2 ′ , in the lower panel of figure 8 , also split, and the agreement with the experimental PL, around λ=406nm, improves.
number of peaks. This leads us to recognize other rules that will be introduced in the next sections, which pick up matrix elements that contribute more to the PL and the IR spectra.
III.2. Infrared transitions
Let us now consider IR spectra for another kind of SLs where the surface energy levels do not detach from the other subbands or minibands. This happens when the semiconductor in the cladding layers is the same as that of the barrier. Helm et al.
46,100,101 produced (Al 0.3 Ga 0.7 As\GaAs) n \Al 0.3 Ga 0.7 As SLs with a large number of unit cells (n=200, 400 and 500) and valley and barrier widths of a few nanometers up to 40nm. They measured the IR spectra and based on these results together with the golden rule plus the dispersion relations (calculated from the Kronig-Penney model), they were able to infer the density of states in the minibands as .7As\GaAs ) n SL. The subband widths are independent of the number of unit cells n; as n grows, the energy-eigenvalues densities become essentially the same up to a constant factor.
well as the oscillator strengths. We will now show that being able to explicitly evaluate the transition matrix elements, the experimental spectra can be accounted for without experimental parameters and without assumptions on oscillator strengths.
Before we present our results it is worth to recall and to stress some important properties related with the subband widths and the density of states. It is well known that the band widths, determined in the TFPS by the trace of the single cell transfer matrix, i.e. by TrM/2 ≤ 1, do not change when the number of unit cells n varies from, say, n=20 to n=30 or to n=500. This can be seen in figure 12 where the energy spectra of (Al 0.3 Ga 0.7 As\GaAs) n \Al 0.3 Ga 0.7 As is plotted for n=16, 32 and 64. It was shown in Ref. [83] that in the large n limit, the density of energy eigenvalues agrees with the density of states in the continuum derived by Kronig and Penney. It is then clear that, once the energy eigenvalues are obtained, their spacings define implicitly the actual density of states, and the matrix elements (of the electron-field interaction) define, in principle, the so called oscillator strengths. We will show below that the IR spectrum of a SL with n=20 is the same as that for n=30, and describes quite well the experimental spectrum of a SL with n=200. Therefore, producing SLs with 200 or 500 periods, will no longer be necessary, though it helped to justify the use of a theory for infinite periodic systems.
For the calculation of the IR spectrum based on the golden rule (23) we use again the symmetry selection rules (26) and (27) , with Ψ q,v µ ′ ,ν ′ (z) replaced by Ψ q,c µ ′ ,ν ′ (z). As for the PL, the calculation is simple and direct when the energy eigenvalues E µ,ν and the corresponding eigenfunctions Ψ µ,ν are known.
In figure 13 we show both an experimental result (upper panel) reported in Refs. [46] , [100] , and [101] , and our theoretical calculation (lower panel).
The IR absorption was measured for the (Al 0.3 Ga 0.7 As\GaAs) n \Al 0.3 Ga 0.7 As SL with valley and barrier widths of 7.5nm and 2.5nm, respectively, and for a number of periods of the order of 200. If we consider n=200, the number of matrix elements that we need to evaluate would be of the order of 40,000. A huge number. The experimental accuracies were, apparently, of the order of 2-3meV and the samples were lightly doped. For our theoretical calculations we use the same potential parameters as in Ref. [100] , and taking into account the arguments just explained, we considered samples with smaller number of unit cells. Indeed, for the IR spectra in figure 13 we had n=31. In figure 14 , we show the IR spectra for n = 21, implying the evaluation of 240 matrix elements. The results are practically equivalent. It is worth noticing that in the theoretical calculation by Helm et al., based on the Kronig Penney model, the first subband ranges from 37 to 55meV and the second from 148 to 222meV. In our calculation (see figure 12) , the first subband ranges from 47 to 66meV and the second from 168 to 254meV. This implies an IR spectrum that extends from 102meV to 207meV, which is precisely the energy interval where the observed IR and the theoretical spectrum for Γ=0.005eV lie.
III.3. PL spectra for (AlxGa1−xAs\GaAs)
n SLs. Exciton binding energies Absorption and PL spectra for (Al x Ga 1−x As\GaAs) n SLs were measured long ago by many people, among others: Dingle et al., 11 Miller et al., 13 Molenkamp et al. 45 and Masselink et al. 50 In most of the multi quantum well structures considered in those years, the barrier widths were extremely large, of the order of 20 or 30nm, with rather narrow valley widths, of the order of 5nm. The number of unit cells were also extremely large, 100 up to 400. The purpose was to produce a large number of independent quantum wells. We are not going to discuss much on these type of SLs, we will instead study below, with more detail, the PL spectrum of (Al x Ga 1−x As\GaAs) n SLs with thinner barrier widths. Wide and high barriers lead to almost independent single quantum wells and to extremely narrow minibands, difficult to find and to evaluate theoretically. A rigorous calculation of the miniband structure for the sample 4-10-74 of Dingle et al., with x=0.2, valley width of 9.2nm and barrier width of 34.5nm, gives a first miniband with E 1,1 at 0.0363318072eV, above the CB edge, and E 1,n+1 at 0.0363318085eV. This means a subband width of 13×10 −7 meV. Thus, extremely narrow minibands on top of a wide background. In this class of systems the theoretical calculation of surface states is also numerically unstable.
Masselink et al. 50 considered samples with thinner barriers and wider wells. Although this, in principle, implies a larger number of subbands, with subbandwidths of the order of 10meV, the theoretical calculations are feasible. In the upper panel of figure 15 we show the spectrum reported by Masselink et al. for the SL (Al 0.25 Ga 0.75 As\GaAs) n \Al 0.25 Ga 0. 75 As with a=21nm, b=10nm and superlattice-thickness of the order of 1 to 2µm. This means SLs with n of the order of 50. In this sample, because of the wide valley width, there is a large number of subbands both in the CB and the VB. For energies below the barrier heights, the CB contains 4 subbands; the VB contains 6 heavy-hole subdands and 3 light-hole subbands. The subband widths are, generally, smaller than 10meV. Besides the large density of subbands, there is also a high density of energy levels in the subbands. Thus, in the actual spectrum, with accuracies much larger that 0.1meV, the single transitions peaks overlap. In the theoretical calculations there is no problem resolving the subband structures. To avoid the huge number of matrix elements and, as discussed before, n SLs, with well width w=15nm barrier width b=2.5nm and SL length of the order of 1µm. The panel in the middle contains only the transitions e1ν-hh µ ′ ν ′ (black) and e1ν -lh µ ′ ν ′ (blue), denoted as e1-h µ ′ and e1-l µ ′ (with origin in the first subband of the CB), and in the lower panel, the transitions e2ν-hh µ ′ ν ′ and e2ν-lh µ ′ ν ′ starting in the second subband of the CB. For these graphs, only the ground state exciton binding energy was considered.
without any relevant change in the results we consider n of the order of 10.
In the lower panels of figure 15 we present the theoretical calculations, black and red curves for e-hh transitions and blue for e-lh transitions. To visualize better the peaks of the possible contributions, the panel in the middle contains only the transitions e 1ν -hh µ ′ ν ′ (black) and e 1ν -lh µ ′ ν ′ (blue), denoted as e 1 -h µ ′ and e 1 -l µ ′ , with initial state in the first subband of the CB, and in the lower panel, the transitions e 2ν -hh µ ′ ν ′ and e 2ν -lh µ ′ ν ′ starting in the second subband of the CB. For these graphs, only the exciton binding energy in the ground state was con- sidered. The transitions e 1ν -hh 1 ′ ν ′ and e 1ν -hh 3 ′ ν ′ , denoted e 1 -h 1 ′ and e 1 -h 3 ′ in the upper graph, have been multiplied by large factors to make them visible.
Before we comment our results, it is worth stressing again the important difference between this approach and the standard one. In the experimental reports it is rather frequent to find statements related with the observation of "forbidden transitions". 45, [49] [50] [51] [52] [53] Forbidden in the standard approach where only one index µ defines the "subband wave function" parity. In the TFPS there is no such thing like the "subband wave function". As we have already seen, the subbands in the TFPS contain many intrasubband levels (all of them with their corresponding eigenfunction characterized by two indices) which, together with the number of unit cells, define the selection rules. Therefore, transitions with subband indices µ = µ ′ , forbidden in the standard theory, are perfectly possible in this TFPS. In our plots, the occupation probability is assumed as a step function. No Sommerfeld effect is considered, but the exciton binding energy was taken into account. The 2D exciton binding energy was evaluated, as explained in the Appendix 1, from
where m r is the relative mass, ǫ the dielectric constant and λ i the quantum number with values λ 0 = 1/2 and λ 1 = 3/2, for the ground and excited 2D exciton states, respectively. Using these energies (-18meV for hh and −12meV for lh, in the ground state) the agreement with the experimental measurements is good. However, had we considered binding energies of the order of −10meV, 38, 49, 51, 92, 93, 103 the agreement would have not been that good.
To confirm the order of magnitude of the binding energies used here, we did the following exercise. Using the SL eigenfunction, we obtain on one side the mean positions µ ′ , ν ′ |z e |µ, ν = µ ′ , ν ′ |z h |µ, ν = 0, when the origin is in the center of the SL, and, on the other side, the exciton size along the SL from [ µ ′ , ν ′ |(z e −z h ) 2 |µ, ν )] 1/2 . Assuming quasi-spherical excitons, the binding energies take the values shown in figure 16 . Although the order of 17 . In this figure we show again the optical transition for the superlattice (AlxGa1−xAs\GaAs) n considered in figure  15 . Together with the 2D excitonic ground state transition (full curves) we plot also those of the first excited 2D exciton state (dashed curves). In the uppermost graphs (black curves) we have the e-hh transitions, denoted as eµ-h µ ′ , and in the lower graphs (red curves) we have the e-lh transitions, denoted as eµ-l µ ′ . The binding energies in the 2D exciton ground state ( λ=1/2) are 0.01877meV and 0.01187meV for heavy and light holes, while in the excited state (λ=3/2) they are 0.0021meV and 0.0013meV, for heavy and light holes respectively. magnitude of these energies is correct, we just considered the binding energies from Eq. (28) .
In figure 17 we plot, besides the ground state transitions (full curves), transitions from the first excited excitonic states (dotted curves). Within each graph of this figure, we respect the relative magnitudes except for the transitions e 1 -h 1 ′ and e 1 -h 3 ′ that were again enhanced in order to visualize them. The transitions from the excited excitonic states spectra that we would like to notice are those corresponding to e * 1 -h ′ * 2 , around 1.547eV, and e * 1 -h ′ * 3 , around 1.56eV, because these may explain those peaks in the experimental spectrum, above 1.54eV and below 1.56eV.
Let us now comment a couple of interesting issues. The resonances lineshapes for transitions like e µ -h µ ′ or e µ -l µ ′ have some interesting characteristics. We found that when the subband indices µ and µ ′ are both even or both odd the spectrum has a bell shape, however when they have different parities, see figure 18 , the spectrum has, depending on the level broadening energy Γ, a U shape or a trapezoidal shape, with higher peaks at the left or right of the spectrum. For larger Γ or low experimental accuracy, the spectrum looks as having two peaks; see for example the spectrum for e 1 -h 2 ′ . This kind of results and behavior lead easily to wrong assignments of subband-indices. Spectrum shapes like these are fre- figure 15 , plotted here for two values of the level broadening energy Γ. In the upper graphs we employed Γ=2meV while in the lower graph we plot for both Γ=0.1meV and Γ=2meV. This makes clear that with low accuracy experiments and calculations the intrasubband structures disappear. These transitions, experimentally observed, are forbidden in the standard theory.
quent in the literature. For example, the absorption coefficients reported by Helm et al in Refs. [46, 101] . In these references the two maxima are considered critical points of the mini-Brillouin zone and, to fit the curves, it was necessary to assume oscillator strengths of the order of 0.3 at the center and 2.3 at the edge of the Brillouin zone. 46 In the PL spectra of figure 17 , the subband widths ∆E c 2 and ∆E c 3 , of the second and third subbands in the CB, are ≃ 0.018eV and 0.043eV, respectively, while the first four subbands in the VB lie between ≃ 0.00293eV and ≃ 0.0274eV. Due to these characteristics, the interband transitions e 2 -h 1 ′ , e 2 -h 2 ′ and e 2 -h 3 ′ overlap. Thus, we can have, for example, peaks of e 2 -h 2 ′ transitions at higher energies than peaks of the transitions e 2 -h 3 ′ , see lower panel in figure 15 . In the Kronig-Penney like approach of Masselink et al., the fulfilment of boundary conditions for even and odd solutions in the valley and barrier led to an "eigenvalue equation", that generalizes, slightly, the single quantum well eigenvalue equation. This is not of course the correct eigenvalue equation for a superlattice. Although the eigenvalues E µ may lie inside the subband µ, one can not define with them the subband widths ∆µ=E µ,n+1 -E µ,1 .
As mentioned before, a peculiar and rather general characteristic of most of the published and calculated PL and IR spectra, is the small number of peaks, much smaller than the N/2 non-vanishing optical transitions. One reason is of course the low experimental precision. However, a closer look to the numerical values of the allowed matrix elements χ
∂z |µ, ν , shows that most of them are negligible, and only a small fraction, the leading order transitions (LOT), determine the shape of the optical spectrum and lead to new rules, related with the intraband eigenfuntion's symmetry noticed in Ref. [4] . This fact motivates the discussion and content of the next section. We will repeat the PL calculations for the SL in the first example of this section and we will perform PL and IR calculations for other systems as well. The purpose is to show that, besides the SSR mentioned in this section, there are other rules that can be introduced without changing significantly the PL spectrum. Using the new rules we will obtain practically the same PL and IR spectra, with much less effort. They can be extremely useful when the number of subbands is large, say, two, three or more, and the number of cells is large.
IV. THE INTRABAND SYMMETRIES. LEADING ORDER RULES
Analysis of the matrix-elements for a large number of specific examples shows generally that the matrix elements µ ′ , ν ′ |H I |µ, ν where the parity of the index µ is the same as that of µ ′ are one or more orders of magnitude smaller than the others. This means, for example, that
On the other hand, when the eigenfunctions Ψ µ,ν of a given subband are plotted for ν=1, 2,..., n+1, we can find, as noticed in Ref. [4] , another symmetry. We find that the envelope of Ψ µ,ν is similar to that of Ψ µ,n−ν , when the surface energy levels are detached, and similar to that of Ψ µ,n+2−ν when the surface levels do not detach; see the appendix A. This eigenfunction symmetry related to the intraband indices ν and ν ′ together with the parities of µ and µ ′ define new rules that help to determine the matrix elements that are two or more orders of magnitude greater. When the potential height in the cladding layers is larger than the barrier height in the SL, and the surface states separate significantly, the matrix elements that fulfill the conditions
besides the SSR, are the leading order transitions. But when the potential height is comparable with the barrier height in the SL, the leading order transitions correspond to matrix elements satisfying the rules
in addition, of course, of the SSR. These rules that will be referred to as the leading order rules (LOR) reduce the number of evaluations for PL from N/2 ≃ (n + 1) 2 n c n v /2 to nn c n v /2 in the first case (equation 29), and to (n + 1)n c n v /2 in the last one (equation 30). Generally the experimental results show only a part of the spectra, accordingly the number of evaluations for a given plot is also a fraction of these numbers. Therefore, in the following the actual number of evaluations behind each plot depends on how many subbands of the conduction and valence bands are taken into account. For IR transitions we have the additional condition µ ′ ≤ µ. The number of evaluations is reduced also significantly.
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As an example of the first case we can consider the blue emitting system studied in the last section. For this system, with n c = n v = 2 and n = 10, the number of matrix evaluations reduces from (n + 1) 2 n v /2=121 to nn v n c /2=20. In figure 19 , we plot the spectra with and without the LOR. The spectrum in the lower panel contains, essentially, the same information as that in the upper one.
Among the large amount of results reported in the literature for the IR spectrum of the (GaAs/Al x Ga 1−x As) n SL, let us consider the SL with x = 0.3, valley width a = 40nm and barrier width b = 5nm, studied in Ref. [31] . The length of this SL was 6µm, which means n ≃133. If we consider a SL with this number of unit cells, the number of allowed IR transitions will be about 140,000, for n c =4. But, as mentioned above, the same physics comes out when the number of unit cells is, say, of the order of 10. It is worth recalling that since the actual SL in Ref. [31] was highly impurified, additional peaks appeared in the experimental results. Because of the large well width in these samples, the number of subbands is large, and the subband positions and widths are extremely sensitive to potential parameters and effective masses. Assuming a cladding layer with x = 0.45 and parameters from Ref.
[105], we calculated accurately the relevant n of the n + 1 energy eigenvalues and eigenfunctions for each of the first four subbands, both in the CB and the VB. For the IR spectra, due to optical transitions in the CB, the number of allowed transitions by the SSR when n=11 and n c =4 IS 968. However, when the LOR are taken into account, the number of evaluations reduces to (n − 1)(n c /2) 2 =40. As can be seen in figure  20 , there is practically no difference between the spectrum (red curve) with only SSR and the spectrum (black curve) where the SSR and LOR are taken into account. Similar results are found for PL transitions in this SL. In figure 21 we plot the PL spectra for transitions from the first four subbands in the CB to the first four heavy hole subbands. The transitions allowed by SSR only are plotted with a dotted curve, while those encompassing to SSR and LOR are plotted with a continuous curve.
As the third example let us now consider the (GaAs/Al x Ga 1−x As) n SL studied in Ref. [30] , with x = n SL with x = 0.3, valley width a = 40nm and barrier width b = 5nm, studied in Ref. [31] . . n SL reported in Ref. [30] , with x = 0.3, valley width a = 11.8nm, barrier width b = 1.9nm, and conduction-band offset coefficient Q = 0.89. The upper panel shows the experimental results. The lower panel shows the theoretical calculation for a SL with n=12 and excitons in the ground state with binding energy of -5meV.
0.3, valley width a = 11.8nm, barrier width b = 1.9nm, and conduction-band offset coefficient Q = 0.89. The experimental PL spectrum of this sample is shown in the upper panel of figure 22 . For this system we considered an even number of unit cells, n=12. Thus, the allowed optical transitions occur whenever
To plot the PL spectrum in the lower panel of figure 22 , we calculated the energy eigenvalues and eigenfunctions for all subbands, (four) in the CB, five hh-subbands and two lh-subbands in the VB, which implied the evaluation of 2,366 transition matrix elements.
The peaks of transitions e 1,ν -h 1 ′ ,ν ′ and e 1,ν -h 3 ′ ,ν ′ , enlarged in the graph, are negligible. We aligned the transitions e 1,ν -h 2 ′ ,ν ′ with the lowest energy peak of the experimental curve, assuming a binding energy of 5meV. To plot this PL spectrum, consider only the contributions of excitons in the ground state and Γ=0.1meV. Again we want to use this example to show that essentially the same PL spectrum can be evaluated with a much smaller number of matrix elements than those required by the SSR. Above 1.545eV the resonant structure of the optical transitions e 1,ν -l 2 ′ ,ν ′ and e 2,ν -h 1 ′ ,ν ′ shows that only a small number of transitions, of the order of the number of unit cells, contribute. For larger n or larger Γ the resonant structure becomes a continuous structure. This is what we have in figures 23 and 24, where the joint PL for the e − hh and e − lh transitions is plotted for Γ=1meV.
In the red curve of figure 23 we have the PL that comes out when all transitions, allowed by the SSR, are taken into account, and the black curve is obtained when both the SSR and LOR are taken into account. The energy fluctuation width, in both cases, is Γ=1meV. The agreement is rather good and the reduction in the number of transition matrix elements is enormous. FIG. 23. The joint PL for the e − hh and e − lh transitions is plotted for Γ=1meV, for the (GaAs/AlxGa1−xAs) n SL studied in Ref. [30] , with x = 0.3, valley width a = 11.8nm, barrier width b = 1.9nm, and conduction-band offset coefficient Q = 0.89. The red curve corresponds to a PL that comes out when all transitions, allowed by the SSR, are taken into account, and the black curve is obtained when both the SSR and LOR are taken into account.
V. THE SURFACE AND EDGE STATES RULE
Just for completeness, we would like to comment briefly on a last but not less important rule, the surface and edge states rule (SESR). In the aim of simplifying the evaluation of the IR and PL spectra, we can also stress the relevance that the surface and subband-edge states have in the optical transitions. To make evident this relevance we copy in Table 2 the matrix elements µ ′ , ν ′ | ∂ ∂z |µ, ν , prior to multiplication by the normalization constants, that were used to evaluate the PL spectrum of the full curve in figure 23 . The darkened matrix elements, evaluated with the edge states, are the leading terms. If we are looking for the qualitative behavior of the IR or PL spectra, we can use just these matrix elements. This oversimplifying rule makes contact and coincides, only partially, with the selection rule of the standard theory. In figure 24 we plot together all the PL curves, obtained when the SSR (red), the SSR and LOR (black) and the SSR, LOR plus the surface and edge states rule (blue) are taken into account. With these examples it is clear that besides the symmetry selection rules we can use other rules according with the degree of accuracy of the experimental results or the theoretical predictions.
Finally it is worth mentioning that in our theoretical calculations, the change in the effective masses from one layer to the next has always been taken into account and the continuity conditions at the transition points were imposed always on the wave functions and their derivatives. In the last case we did not multiply by the inverse of the effective masses, as in the Ben Daniel-Duke model.
106 It is known 3 that this can easily be done changing k → k/m * ea and q → q/m * eb , etc., in the transfer matrices. The impact on the results is negligible. In this paper additional applications of the theory of finite periodic systems have been presented and new selection rules for the evaluation of PL and IR spectra of optoelectronic devices, whose active region is a superlattice with an arbitrary number of unit cells, reported. We made clear the fundamental differences between the standard approach and the present theory, and consequently the differences in their prediction capabilities. We have shown that PL spectra of high accuracy experiments, that could not be explained before, are now fully understood. We have shown also that the optical transition observed experimentally, but forbidden in the standard approach, are perfectly possible within this theory. We have shown that besides the symmetry selection rules, related to the spatial symmetry of the SL eigenfunctions, one can also introduce the eigenfunctions' symmetries related with the intra-subband index, which are behind the leading order selection rules that make possible a reduction by orders of magnitude in the number of evaluations of the transition matrix elements, giving rise practically to the same PL and IR spectra. With this theory and the level of accuracy that one can reach, we not only improve the existing theory but open up the possibility of discussing other important questions related, in particular, with the parameters such as the exciton binding energies in SLs, the effective masses, the band offsets, etc., which define the optical transitions. This theory can be useful to determine more accurately their numerical values. At the end, and just for completeness, we commented on the surface and edge states selection rule, which together with the SSR and the LOR, imply the highest reduction in the number of evaluations of the transition matrix elements. The agreement with the experimental results are extremely good.
VII. ACKNOWLEDGEMENT
The author acknowledges comments and corrections of H. P. Simanjuntak, A. Robledo-Martinez and J. Grabinsky.
Appendix A: Eigenfunction symmetries related with the intra-subband index.
In addition to the parity symmetries of the SL eigenfunctions with respect to the middle point of the superlattice, the eigenfunctions possess another symmetry that can be recognized when we plot the whole set of intra-subband eigenfunctions. In figures 25 and 26 we plot all the eigenfunctions in the second subband of the CB and in the first subband of the VB, for the SL (Al 0.25 Ga 0.75 As\GaAs) n \Al 0.25 Ga 0. 75 As with a=21nm, b=10nm and n=10, considered in section 2 with the PL spectra of figure 15. To visualize the symmetry relations between the SL eigenfunctions of the same subband, and the role of the intra-subband index ν, we plot in figure 25 guide lines (that look like envelope functions), together with the eigenfunctions {Ψ 2,ν }. With the help of these guide lines we can easily recognize the symmetries that exist between pairs of intra-subband eigenfunctions. See, for example: the eigenfunctions with indices (2, 1) and (2, 11); the eigenfunctions with indices (2, 2) and (2, 10);... etc. The same happens when we plot the set of eigenfunctions of any other subband, in the conduction or valence band. In figure 26 we plot the heavy hole eigenfunctions {Ψ 1 ′ ,ν ′ } of the first subband, with similar symmetry relations between them. In this system the surface states do not detach, therefore, as mentioned in section 3, the eigenfunctions Ψ µ,ν and Ψ µ,n+2−ν share the same sym-metry, which is then reflected when the transition matrix elements are evaluated. As mentioned before, these symmetries are behind the matrix-elements values, thus, behind the leading order selection rules, studied in section 3.
become, for k = 0 and k = 1,, respectively, In figure A1 we plot the expectation value of the hhexciton binding energies in the ground and first exited states. The ratio between these energies changes from a factor of 9 in the 2D limit to a factor that tends to 1 for large ζ.
104 The reductions depend on whether the number of subbands nc are even or odd. If ν + ν ′ = n the reduction is from (n + 1) 2 n 2 c /2 to (n − 1)(nc/2) 2 for nc even and (n − 1)nc(nc + 1)/2 for nc odd. When ν + ν ′ = n + 2 the reduction is from (n + 1) 2 n 2 c /2 to (n + 1)(nc/2) 2 for nc even and (n + 1)nc(nc + 1)/2 for nc odd. 107 The differences in the band structure taking into account a) the continuity of the wave functions and their derivatives and the continuity of the wave functions and their derivatives multiplied by the inverse of the effective masses, the so-called Ben Daniel-Duke continuity conditions, is in the low energy subbands of the order of 0.1meV while in the higher energy subbands of the order of 1meV, as was shown by Bastard
